12)2-18- 505 -0 2

e

Code No. 8192/ Core
FACULTY OF SCIENCE

M.Sc. Il - Semester Examination, May / June 2019
Subject: Mathematics / Applied Maths

Paper - |
Galois Theory

Time: 3 Hours Max.Marks: 80

Note: Answer all questions from Part-A and Part-B.
Each question carries 4 marks in part-A and 12 marks in Part-B.

PART — A (8x4 = 32 Marks)
[Short Answer Type]

1 Let f(x)eF[x] be a polynomial of degree >1. If f(ex) = O for sogn
reducible over F. P
If E is a finite extension of F then show that E is an algebraj %ﬁgﬁsion of F.

of areF then f(x) is

Let F =—(—§-)‘ then. prove that the splitting field of X x4+ 1 is a finite field with eight

elements. s 4

4 Let F be a finite field then prove that the num;pe;%%%eiements of F is p" for some positive
integer n and p is prime number. S, agwéﬁ

5 Prove that G = G(—%)is a group of R-autﬁér%ﬁisms of ¢ and |G| = 2.

6 Prove that the group G(—Q(—a)} whé&Pe o®= 1 and o = 1 is isomorphic to the cyclic group
of order 4. 4 )

{‘ﬂ %ﬁﬁiﬁ; "
7 Prove that ¢g(x) and P hwthe same Galois group, namely (éj = {1, 3, B, 7}, the

&
Klein four group. %,
8 Show that x° _% is not solvable by radicals over Q.
'S _
, 5 PART - B (4x12 = 48 Marks)
- [Essay Answer Type]

9 a) Let FcEcK be fields. If [K:E] < « and [E:F] < « then show that
i) [KiF]<w
i) [K:F]=[K:E][E:F]
OR
b) For any field K the following are equivalent
i) Kis algebraically closed
i) Every irreducible polynomial in K[x] is of degree 1
i) Every polynomial in K[x] of positive degree factors completely in K[x] into linear
factors
iv) Every polynomial in K[x] of positive degree has atleast one root in K




10 a)

b)

11 a)

b)

12 a)
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Prove that the degree of the extensions of the splitting field of x>~ 2 € Q[x] is 6.
OR

If E is a finite separable extension of a field F then prove that E is a simple extension
of F.

Let H be a finite subgroup of the group of automorphisms of a field E then
[E:En] = |H|.

OR
State and prove fundamental theorem of Galois Theory.

Let F contains a primitive n™ root w unity then the following are equivalent.
I) Eis a finite cyclic extension of degree n over F &

ii) Eis the splitting field of an irreducible polynomial X = b €

7‘ 3
Further more E = F(« ) where « is a root of X" — b. g P
OR i
Prove that the following are equivalent statemgnts: «*
i) a e Ris constructible form Q eﬁ;§

iii) (a, a) is a constructible point form k@’
m QxQ.

§ xkkn

ii) (a, 0)is a constructible point from .-

iv) (0, a) is a constructible point fu
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Code No.8194/CORE
FACULTY OF SCIENCE

M.Sc. ll-Semester Examinations, May/June 2019
Subject: Mathematics / Applied Maths
Paper-Il
Lebegue Measure and Integration

Time : 3 Hours Max. Marks : 80

Note : Answer all questions from Part-A and Part-B. Each question carries
4 marks in Part-A and 12 marks in Part-B.

PART - A (8 x 4 = 32 Marks)

If E4 and E, are any two measurable subsets of R thﬁ%\v that E{UE, is also
measurable. % g

fF:E - [, «] is @ measurable function then show tha? If| is a also a measurable

function. (Here E is a measurable subset of R).

collectlon of measurable sets.

Suppose f is a bounded measuralgle function defined on E with m(E) < «. If Ey, E, are
any twe disjoint measurable sejs, thelyshiow that - _[ f= J.f'r j'f

EluE2
IfF :[a,b] = IR is of bguntigd}
Letf,: [0, 1] = IR be g%:%»

FK k+1
2[’ r b

otherwme

Where = 20+ k, 0 <0k <2r. Then show that f, —=f [measure] on [0,1] where
f(x) =0 ¥V X€[0,1].

Suppose f is integrable on [a, b] and ff =0for all x € [a,b] then show that f(x) = 0 a.e on

la,x]

[a,b].
Let a, b, t are non negative real numbers and 1< p <. Then show that

a’+pt ba*"'< (a + th)P.



9 a)
b)
10 a)
b)
11 a)
b)
12 a)
b)
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PART - B (4 x 12 = 48 Marks)

i) Suppose {E,} is a sequence of measurable sets in IR such that
i) m(E4) < « and
i) En 2 £,,Yn=1 then show that lim m(En)=m(ﬁ E”)
n-—»x =l

ii) Give an example to show that m(E+) < « is essential in the above result (i).
Show that there exist bounded non measurable set in IR.

e N
State and prove bounded convergence theorem. T \J {v
Hgh
OR % @

Suppose fand g are Lebesgue measurable functions g &M‘fn E then show that

3 Where C € R

State and prove Vitali covering lemma} W

i) Iff:[a,b] > |Risa monotNunction, then show that f is of bounded
variation [a, b]. :

i) 1ff:[a, b] = IR is of.oot
bounded vanatlon o@g
Letf, g P[0, 1] wher@% p <. Then show that |/ +gu <|| fn +Hg”

OR
Suppose fis. Lebesgue integrable on [a, b]] and F is its indefinite integral. Then show
that F is¢ @ontlﬁuous on [a, b] and also F is of bounded variation on [a, b].
&ﬁ w}% we

g’

o, erea<x<b.




(2]Z2-18=505-02]

Code No. 8197 / CORE
FACULTY OF SCIENCE

M.Sc. Il - Semester Examination, May / June 2019
Subject: Mathematics

Paper - lli
Complex Analysis
Time: 3 Hours Max.Marks: 80

Note: Answer all questions from Part-A and Part-B.
Each question carries 4 marks in part-A and 12 marks in Part-B.

PART - A (8x4 = 32 Marks)
[Short Answer Type]

&

a,\

1 Show that analytic function cannot have a non-zero CO”%&QQ
reducing to a constant.

2 Find all values of z such that (1) * =1++/3i  (2) €* = 1+i.

3 Let C be the triangle with vertices at 0, 3i, -4. Proye tha%f(ez —E)dz

) az

4 LetC be thecirclez=e" (~r<6<n). prove that '[9— dz=2mi. And hence
z

a cos B

n
compute je cos (a sind) de.

D J (2w (0 < |w| < »). Prove that

n=—00

5 Let C: w

]

, V4 : P
e? (-r<osg 2" W=

= 1, taken counter clock wise, show that

7 State anrove Jordan Lemma.

2r
8 Evaluate jcosz”ede n=1,2,..).

PART - B (4x12 = 48 Marks)
[Essay Answer Type]

9 a) State and prove the necessary condition for differentiability of a complex valued
function f(z).
OR




12 a)

b)
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Find the most general harmonic polynomial of the form u = ax®+bx?y+cxy?+dy°® and

hence find the corresponding harmonic conjugate. Express f in terms of z.

State and prove Gauchy — Goursat theorem.
OR
i) State and prove Cauchy’s integral formula.

i) State and prove Morera’s theorem.

State and prove Laurent theorem.
OR

Let Cny denote the positively oriented boundary of th § wose edges lie along

the lines

X = i(N+—;-)n andy = i(N+%)7r

where N is a positive integer, show thag#

Evaluate j - 1d
X -

X. o \ p
—0 A N
OR
State and prove argun'%‘ le.

*kkk
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FACULTY OF SCIENCE

M.Sc. lI-Semester Examinations, May/June 2019
Subject : Mathematics
Paper-IV : Topology

Time : 3 Hours Max. Marks : 80
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Note : Answer all questions from Part-A and Part-B. Each question carries
4 marks in Part-A and 12 marks in Part-B.

PART - A (8 x 4 = 32 Marks)

Give an example to show that the union of two topologies on a
topology.
Define interior of a set A in topological space (X,T). Also S % Qv
is the largest open subset of A.
Show that any continuous image of a compact space ig cogpagt.
&II

X need not be a

that the interior of A

Show that every sequentially compact metric space is
Show that a topological space is a T4 — space if each one Point set is a closed set.
Define a complete regular space.

which are both open and closed.
Let X be a topological space and A ig#Stt

subspace of X such that 4 c B < 4 thég :

of X and is connected. If B is any
that B is also connected.

PARTF%.B (4 x 12 = 48 Marks)

a) Let (X, T) be a topologi ace and A is a subset of X then
i) Define boundary; e-

) Show that A ig thg diSjoint union of the set of all boundary points of A and the
set of all mte&
OR

of A.

“b) State and proy Lindelof's theorem.

a) Show thal¥a topological space is compact if and only if every class of closed sets
' jitersection property has nonempty intersection.
o

b) mhat a complete totally bounded metric space is compact.

11 a) Show that a one to one continuous mapping of a compact space onto a

Housdorff space is a homeomorphism.
OR
b) State and prove Tietze extension theorem.

12 a) Show that a subspace of the real line IR is connected if and only if it is an

interval.
OR
b) i) Define box topology.

i) If B, T are the open bases for topological spaces X and Y respectively then
show that D = {B xC|Bef,Ce (j}is a base for the box topology on X x Y.

3% % 3k >k k Xk
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Code No. 8203 / CORE
FACULTY OF SCIENCE

M.Sc. Il - Semester Examination, May / June 2019
Subject: Mathematics / Applied Mathematics

Paper -V
Theory of Ordinary Differential Equations
Time: 3 Hours Max.Marks: 80

Note: Answer all questions from Part-A and Part-B.
Each question carries 4 marks in part-A and 12 marks in Part-B.

PART - A (8x4 = 32 Marks)
[Short Answer Type]

1 Prove that the functions xi(t) = t* and xy(t) = t |t| are linearly jr ent on o<t < o

but they are linearly dependent on the intervals -0o<t< 0 's.

2 Let ¢,0,,..,0, be n linearly independent solutions of Q‘#ﬁe homogeneous equation
L(x) = xX™ + by(t) xX™ + .. + by(t) x=0, tel

solution of the non-homogeneous equation

ists %ﬁn L. Let x, denote any particular

J(t) existing on I then prove that any

solution of x of L(x) = h(t) is given by X t +Cror () + ...+ cag, (t), tel where

O
—~~

C1, Co, ..., Cy are r: arbitrary constants (real or complex).
fo

3 Determine the constants L, K gfi he IVP x' = x2, x(0)=1, R={t,x) / |t| < 2. |x-1| < 2}.

#

f(t) < k exp ( J'S%%ds),tz -

6 State and prove Bihari’s inequality.
7 Show that every second order homogeneous linear differential equation can be reduces

to self adjoint form.

8 yi(x) = x is one solution of the second order differential equation x* y'-xy'+y=0,x>0

then find second solution y,(x).




9 a)

10 a)
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PART - B (4x12 = 48 Marks)
[Essay Answer Type]
Let ¢,,9,,..¢, be n linearly independent solutions of the homogeneous equation
L(x) = (x)" + by(t) xX™V + ... + by(t) x=0, tel existing on 1. Let the real or complex
valued function h be defined and continuous on 1. Further, assume that
w(t) = w(o,,0,,...0,) and w(t) denotes the determinant w(t) with k™ column replaced
by n elements 0, 0, ...,1. The show that a particular solution x,(t) of L(x) = h(t) is given

Nt (s) h(s)

by Xo(t) kZ1<;>A,(t)tj e ds, tel.
= (o]
OR
Let by, by, ..., b, be real or complex valued functions défiffled .and continuous on an
interval 1 and¢,,,....¢, are n functions of the equatign Bg) 3 x™ + by(t) X"V + ... +
bn(t) x = 0, tel existing on 1. Then prove that th n solutions are linearly

independent on I if and only if w(t)= 0 for every te L.

Let f(t,x) be continuous and be bounded by%, and satisfy Lipschitz condition with
Lipschitz constant K on the closed rge leg R then prove that the successive

t
approximations x,, n = 1, 2, ... giveR %h(t) = Xo +J'f((s, Xn-1(8)) ds, n =1, 2, ..

to
converge uniformly on an in e =t —t,| £ h, h =min {a, —} to a solution x of the
IVP x'=f(t,x), p ve that this solution is umque
Prove that the IVP x(to) Xo has a unique solution defined on t, <t < ty,+h, h

> 0, if the function f(t, %}, is continuous in the strip t, <t < t, < h, |x] < « and satisfies
the Lipschitz congltion [f(t,x1) = f(t, x2)| = K |X1 = X2|, k>0, K being Lipschitz constant.

Let me [to, B+h), R}, fe C {[to, to¥h) x R, R} and D*'m(t) = A% sup%[m(t+h) - m(t)] s

te (L, to+h) then prove that m(t,) < X, implies m(t) < r(t), te[t,, to+h) where r(t)
ximal solution of x' = f(t, x), X (t,) = X, existing on [to, to*+h].
OR
LetfeC [ X R, R], vo, W, be lower and upper solutions of x’ = f(t, x), x (t,) = X, such
that vo S W, on I = [to, to+h]. Suppose, further that f(t,x) — f(t,y) = - M(x-y) for VoSy
< x £w, and M 2 0. Then prove that there exists monotone sequence {v,}, {w,} such
that v, - vand w,— was n - « uniformly and monotonically on I and that v, w are
minimal and maximal solutions of x' = f(t,x), x(t,) = x, respectively.

State and prove Sturm separation theorem.
OR
State and prove Sturm Picone Theorem.

kkkk




